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Abstract. We give a lower bound for the Gaussian curvature of convex level sets of min- 
imal graphs and the solutions to semilinear elliptic equations with the norm of boundary 
gradient and the Gaussian curvature of the boundary. 

1. Introduction 

This paper is the continuation of Ma-Ou-Zhang [18j. In [18], they studied the Gaussian 
curvature estimates of the convex level sets of p-harmonic function in convex ring in M" 
with homogeneous Dirichlet boundary conditions. Utilizing the similar technique as in 
|18j . in this paper we study the minimal surface equation and some semilinear elliptic 
equations. 

For minimal surface equation we find a sharp auxiliary function involving the Gaussian 
curvature of the convex level sets. It is a harmonic function in 2-dimensional case. In 
higher dimensions, it is a superharmonic function after modifying the gradient terms with 
locally bounded coefficients. Here we use the Laplace-Beltrami operator on the minimal 
graph (see [II]). 

For the semilinear elliptic equation with suitable structure conditions, we find a similar 
auxiliary function such that it is a superharmonic function in domain after modifying 
the gradient terms with locally bounded coefficients. From these results, we can get the 
Gaussian curvature estimates of the convex level sets with the norm of boundary gradient 
and the Gaussian curvature of the boundary. For example we obtain the lower bound 
estimates for the Gaussian curvature of the level sets of the solutions for a class of similinear 
elliptic equations, the strict convexity of its level sets was obtained by Caffarelli-Spruck 
[6] and Korevaar |l3j. 

The geometry of the level sets of the solutions of elliptic partial differential equations 
has been studied for a long time. For instance, Ahlfors [I] contains the well-known result 
that level curves of Green function on simply connected convex domain in the plane 
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are the convex Jordan curves. In 1931, Gergen [10] proved the star-shapeness of the 
level sets of Green function on 3-dimensional star-shaped domain. In 1956, Shiffman [20] 
studied the minimal surface in R^. In 1957, Gabriel [9] proved that the level sets of the 
Green function on a 3-dimensional bounded convex domain are strictly convex. Lewis [H] 
extended Gabriel's result to p-harmonic functions in higher dimensions. Caffarelli-Spruck 
[6] generalized the Lewis [U] results to a class of semilinear elliptic partial differential 
equations. Motivated by the result of Caffarelli- Friedman [3], Korevaar |13j gave a new 
proof on the results of Gabriel P5] and Lewis [14j using the following observation: if the 
level sets of the p-harmonic function is convex with respect to the gradient direction Vu, 
then the rank of the second fundamental form of the level sets is a constant in all domain. 
A survey of this subject is given by Kawohl [12]. For more recent related extensions, please 
see the papers by Bianchini-Longinetti-Salani [3] and Bian-Guan-Ma-Xu [2]. 

Now we turn to the question of quantitative results, that is, curvature estimates of the 
level sets of the solutions to such elliptic problems. For 2-dimensional harmonic functions 
and minimal surfaces with convex level curves, Longinetti [15] and [16] proved that the 
curvature of the level sets attains its minimum on the boundary (see also Talenti [21] for 
related results). Recently, Ma-Ou-Zhang [18j and Chang-Ma- Yang [7] got the Gaussian 
curvature and principal curvature estimates of the convex level sets on higher dimensional 
harmonic functions, and the estimates give a new approach to get the convexity of the level 
sets of harmonic functions. For the other related results see the papers by Rosay-Rudin 
[T9] and Dolbeault-Monneau 

Now we state our main theorems. 

Theorem 1.1. Let Q he a smooth bounded domain in W^{n > 2) and u E C^(0) n C^(0) 
he the solution of the following minimal surface equation, 

(1.1) Hiv( ) = n inVL^W. 



Assume |Vu| 7^ in il. If the level sets of u are strictly convex with respect to normal Vu, 
and let K he the Gaussian curvature of the level sets. Then we have the following results. 
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'i) For n = 2, the function [ - — ,^ ) K attains its minimum and maximum on 



|Vn|^ \ 2 
,1 + |Vu, 

the boundary dVt, unless it is a constant. 

( iV-uP \^ 

(a) For n > 3, the function I j I K attains its minimum on the boundary dQ 



1 + |Vn|2^ 

1 n — 3 
for = or > , unless it is a constant. 
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/ |VnP 

Remark 1.2. In Theorem we can choose ^p(x) = { j -^r I K(x) as our test 

\1 + \Vu\^ J 

function. Now we give an example to explain our choice on ij:. 

r ds 

For r = Ixl > 2, let u(r, 9) = — — be the n— dimensional catenoid. A 

J 2 Js^^^-^) - 1 



simple calculation shows 

1 



^S2(n-l) _ I 

|Vup(x) 



|x|2{«-l) - 1' 

and the Gaussian curvature of the level set at x is 

K{x) = 

Hence, 

From the above calculation, one know the choice ip{x) = ( ^ J K{x) is sharp. 

Moreover in 2-dimensional case, under the assumption that |Vn| ^ Q in ^ we shall prove 

in Corollary that the function ( ^ ^ J K is a harmonic function with respect 
to the Laplace- Beltrami operator on the minimal graph. 

For the semilinear elliptic equations, under suitable structure conditions on the equation, 
we have 

Theorem 1.3. Let Q be a smooth bounded domain in W^{n > 2) and u G (7^(17) H (7^(0) 
be a solution of the following equation in Q, i.e. 

(1.2) Au = /(x,u) in VL, 

where / G (7^(17 x M) and f is nonnegative. Assume |Vu| 7^ in 1^, and the level sets of 
u are strictly convex with respect to normal Vu. Let K he the Gaussian curvature of the 
level sets. Then we have the following facts. 

(ia) Suppose f = f{u) and fu > 0, then the function \Vu\~'^K attains its minimum on 
the boundary. 

(ib) Suppose f = f{u) and fu < 0, then the function \Vu\^~'^K attains its minimum on 
the boundary. 

(a) Suppose f = f{x) and t^fix) is convex with respect to (x, t) G x (0, +00) (or 
equivalently /~2 is concave for f positive), then the function \Vu\'^^^K attains its mini- 
mum on the boundary. 



4 



PEI-HE WANG AND WEI ZHANG 



If u is a solution for (jl.2p with convex level sets with respect to normal Vn, then we shall 
prove a useful fact that the norm of gradient |Vu| attains its maximum and minimum on 
the boundary in Lemma l6.ll Combining this fact and Theorem 11.31 we have the following 
consequence. 

Corollary 1.4. Let Qq, fii be two bounded smooth convex domains in M"(n > 2) and 
C ill. I^st u satisfy 



where f £ C^([0, 1]) is nonnegative, non- decreasing and /(O) = 0. Let K he the Gaussian 
curvature of the level sets, then we have the following estimate 



In [H [13], Caffarelli-Spruck and Korevaar proved the level sets of solution to (jl.3p are 
strictly convex with respect to normal Vu. In above corollary, we give the quantitative 
results using the boundary data. 

Assuming |Vu| 7^ 0, Bianchini-Longinetti-Salani [3] proved the convexity of the level 
sets of solution u for some semilinear elliptic equation in convex ring with homogeneous 
Dirichlet boundary conditions. Then from the constant rank theorem of the second funda- 
mental form of the level sets in [13] (or [2] ) , we know the level sets are strictly convex. For 
the Poisson equation, our structure condition is the same as theirs. Ln summary, for the 
level sets of the solutions of some class semilinear elliptic equations, [3] gives the convexity, 
|13| (or [2]j guarantees the strict convexity, at last from Theorem \1.S\ we can obtain its 
lower hound estimates for the Gaussian curvature of the level sets via the boundary data. 

Now we turn to the minimal surface equation in convex ring with homogeneous Dirichlet 
boundary conditions. Korevaar (see Remark 13 in [13j) proved the strict convexity of the 
level sets. Using the Theorem 11.11 we can utilize the same method in proving Corollary 
11.41 to obtain the similar lower bound estimates for the Gaussian curvature of the level set 
via the boundary data. 

Corollary 1.5. Let u satisfy 



(1.3) 





div{ 



in Q = ilo\f^i 



^/T+\Vu 







(1.4) 



< 



u = 
u = 1 



on dO,Q 
on dO,i 



'0, 



\ 
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where ^Iq and Qi are bounded convex domains in M^jU > 3, ili C H-q. Let K he the 
Gaussian curvature of the level sets, then we have the following estimate 



. minaoo |Vn| \ I + voinao,^ |Vm|2 . 

mm A > — Tnin K 

Q. Vmaxan^ \ Vu\ y + maxan^ | Vup dn 

Let K be the Gaussian cm'vature of the convex level sets. Set 

^ = \ogK{x)+ p{\Vu\'^), 

where the function p will be specified later. We shall show the following elliptic differential 
inequality 

< mod V(/9 in 0, 

where L is the Linearized operator associated with the equation we discussed and here we 
have suppressed the terms containing the gradient of ip with locally bounded coefficients. 
By applying the strong minimum principle, we then obtain the main results. 

In Section 2, we first give brief definitions on the convexity of the level sets, then obtain 
the curvature matrix {aij) of the level sets of a function, which appeared in [2]. In Section 
3, we give some preliminaries and formal computations for the proof of our theorems. We 
prove the Theorem II. II in Section 4. In sections 5 we prove the Theorem 11.31 Then in the 
last section we give the proof of Corollary 11.41 and we omit the proof of Corollary 11.51 
The main technique in the proof of these theorems consists of rearranging the second and 
third derivative terms using the equation and the first derivative condition for <p. The key 
idea is the Pogorelov's method in a priori estimates for fully nonlinear elliptic equations. 

Acknowledgment: The authors would like to thank Prof. X.N. Ma for useful discus- 
sions on this subject. The first named author would like to thank the hospitality of the 
Department of Mathematics of University of Science and Technology of China. 

2. The curvature matrix of level sets 

In this section, we shall give the brief definition on the convexity of the level sets, then 
introduce the curvature matrix {oij) of the level sets of a function, which appeared in [2]. 
Firstly, we recall some fundamental notations in classical surface theory. Assume a surface 
S C M" is given by the graph of a function v \n a. domain in M"~^: 

Xn = v{x'),x' = (Xi, X2, • • • , Xn-l) G M""^ 

Definition 2.1. We define the graph of function Xn = v{x') is convex with respect to the 
upward normal V = ^{^—v\^ —V2, • • • , —Vn-i, 1) if the second fundamental form bij = 
of the graph x„ = v{x') is nonnegative definite, where W = y^l + |Vt;p. 
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The principal curvature k = • • • , of the graph of being the eigenvalues of 

the second fundamental form relative to the first fundamental form. We have the following 
well-known formula. 

Lemma 2.2. The principal curvature of the graph x„ = v{x') with respect to the 

upward normal V are the eigenvalues of the symmetric curvature matrix 

,r, -.y If ViVjVjl VlVkVki , ViVlVjVkVjk 

(2.1) = TT7l ^il - , TTn ~ w^i , TTn + 



w{'' w{i + w) w{i + w) w^ii + wy 

where the summation convention over repeated indices is employed. 

Now we give the definition of the convex level sets of the function u. Let 17 be a domain 
in M" and u £ C^(r2), its level sets can be usually defined in the following sense. 

Definition 2.3. Assume \Vu\ / m 17, we define the level set of u passing through the 
point Xo G as = {x G ^l\u{x) = u{xo)}- 

Now we shall locally work near the point Xq where |Vm(j;o)| ^ 0. By implicit function 
theorem, locally the level set could be represented as a graph 

Xn = v{x'),x' = (Xi, X2, • • • , Xn-l) G M"~\ 

and v{x') satisfies the following equation 

u{xi,X2, ■■■ , Xn-l,v{xi,X2, • • • , Xn-l)) = u{Xo). 

Then the first fundamental form of the level set is gij = 6ij + and W = {l + \Vv\^)2 = 
The upward normal direction of the level set is 



(2.2) i;=-—!l {ui,U2,--- ,Un-l,Un). 

\\/u\Un 

Let 

(2.3) hij — ll^Uij -\- Hfiyi'lliU j tlYiUjUin '^n^i^jri') 

then the second fundamental form of the level set of function u is h 



Definition 2.4. For the function u G C^(il) we assume |Vu| ^ ^ in Q.. Without loss 
of generality we can let Un{xo) 7^ for Xq G 0,. We define locally the level set = 
{x G ^l\u{x) = u{xo)} is convex respect to the upward normal direction V if the second 
fundamental form hij is nonnegative definite. 

Remark 2.5. If we let \/u be the upward normal of the level set at x^, then 

Un{xo) > by ()2.2p . And from the definition \2.4\ if the level set is convex with 

respect to the normal direction Vu, then the matrix {hij{xo)) is nonpositive definite. 



GAUSSIAN CURVATURE ESTIMATES FOR THE CONVEX LEVEL SETS 



7 



Now we obtain the representation of the curvature matrix (ajj) of the level sets of the 
function u with the derivative of the function u, 

(2.4) Qij = o i -hij + , ^ + 



\Vu\ul\ Wil + W)ul W{l + W)ul w^{i + wYuiy 

From now on we denote 

^^ „ _ UjUihji UjUihji _ UjUjUkUihki 

and 

(2.6) Aij = —hij + Bij — Cij, 

then the symmetric curvature matrix of the level sets of u could be represented as 
(2-7) a,, = [ - + B,, - a,] = J^^^^v- 

With the above notations, we end this section with the following Codazzi's type formula 
which will be used in the next sections. 

Proposition 2.6. (see [2\) Denote aij^^ = for 1 < hj-,k < n — 1, then at the point 
where Un = |Vii| > 0, tij = 0, aij^k is commutative in "i,j,k", i.e. 

Proof. Direct calculation shows 

(2.8) (^ij,k — ^ijfc ~l~ i'^ij'^kn ~l~ '^ik^jn ~l~ '^jk'^in)- 

The right hand side of (|2.8p is obviously commutative in S,j,k". □ 

3. Preliminaries 

In this section, we shall make some preliminary calculation for a general class of elliptic 
equations. In the following sections we shall work on some special equation, for example 
minimal graph equation, Poisson equation and semi-linear elliptic equations. 

Let be bounded smooth domain in IR"(n > 2). Assume (i^"'^) to be a smooth 
positive definite function matrix defined in Q, and u G C'*(ri) be a solution which satisfies 
the following equation 

F^Pu^p = f{x,u), 

l<a,(3<n 

where / G C^(il x R) is nonnegative, and is diagonal at the point Xq where Ui{xo) = 
0(1 <i<n — l) and Un{xo) = |Vii| > 0. 

We assume the level sets of u are strictly convex with respect to the normal Vn, then 
the curvature matrix (fflij) of the level sets is positive definite in Vt. 
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Set 



= p{\Vu\'^) + logK{x) 



where K = det(ajj) is the Gaussian curvature of the level sets and /? is a smooth function 
defined on the interval (0, +00) to be given later. In the following sections, for suitable 
choice of p we will derive the following elliptic inequality 



where we modify the terms of Vip with locally bounded coefficients. 

In order to prove (j3.ip at an arbitrary point Xq S as in Caffarelli- Friedman [4J, we 
choose the normal coordinates at Xo- By rotating the coordinate system suitably through 
Tx^, we may assume that Ui{xo) = 0(1 < i < n — 1) and u„(xo) = |Vn| > 0. We can 
further assume that the matrix (uij(xo))(l < i^j < n — 1) is diagonal and Uii{xo) < 0. We 
also choose Tx^ to vary smoothly with Xo- If we can establish (|3.ip at Xo under the above 
assumptions, then go back to the original coordinate we find that (|3.ip remains valid with 
new locally bounded coefficients on Vip in (13. ip . depending smoothly on the independent 
variables. Thus it suffices to establish ()3.ip under the above assumptions. 

From now on, all the calculation will be done at the fixed point Xq- 

By taking derivative of we have 



(3.1) 




mod in Q 



l<a,l3<n 



(3.2) 





l<i,j<n— 1 



It follows that 



(3.3) 




l<i<n-l 



Differentiating equation (13. 2p once more, we have 





l<i<n-l 



l<i,j<n— 1 



hence 



(3.4) 



I + 11 + III + IV, 



l<a,f5<n 



where 





l<a,/3<n l<a,/3<n 

In the rest of this section, we will deal with the four terms above respectively. 
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For the term ///, we have 

(3.5) III=p" J2 ^"^|V^la|V^I^ = 4An Yl F^^^naUnp. 

I<a,l3<n l<a,/3<n 

In a similar way, for the term IV we obtain 
(3.6) 

l<Q,/3<n l<a,/3<n l<7<n 

= 2 An Yl ^"V/3n + 2p' Y + 2/9' Y Y ^ 

l<a,/3<n l<a,l3<n l<j<n-l l<a,/3<n 

Next, we deal with the term /. By ()2.7p . one has 
(3.7) An = auE, where E = |Vn|ti^. 

Taking the second derivative of (I3.7|) . we get 

E + E(3 + au^pEa + aiiEal3, 

so 



(3.8) 1= Y Y /1 + /2 + /3, 

l<i<n-l l<a,/3<n 

where 

h = u-' E "^^( E /2 = -(n-l)n-3 

l<i<n-l ^ l<a,/3<n l<a,P<n 

h = -2u-^ Y F"^( Y 



Since 



l<7<n 

by (j3.3p . we obtain 

(3.9) ^3 = 12p' Y ^"'^UnaUnl} - 6ti^^ Y F'^^Una^ji] 

l<a,l3<n l<a,/3<n 
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also 
(3.10) 

h = -{n - 1)U~^ { 5n„ ^ F°'^UnaUnl3 + 3ul ^ F°'^Unal3 + Un ^ F^^^U^^U^p \ 

l<a,;S<n l<",/9<n l<«,^,7<ri 

= - 6(n - l)n^^ ^ F"'^UnaUnl3 - 3(n - 1)^"^ ^ F°'^Uo,pn 
l<a,/3<n l<a,^<»i 

- (n - ^ ^ F"I^UaiUpi. 

l<i<n-l l<o,/3<n 

For the term /i, recalling the definition of Aij, i.e. (12. 5j) and (12. 6p . at Xq we have 



therefore 



By (IISD, 



E E ^"''^-■-/s) 



l<i<n-l l<Q,/3<n ^ ^ J n / a(i 



l<i<n-l l<o,/3<n 

It follows that 

h = n-' E E ^"''^-,"/^) 

= u-' Yl E F^('{-h,,,^p)-2n-^ Yl E 

l<j<n-l l<a,/3<n l<fi<n-l l<a,/3<n 

Combining ([331)- dSj]), dSSD-dSH]), it yields 
(3.12) 

Y F^^^^f, = u-^ Yl E F''^(-hn,a(s)- E E F^^a'^a"a,,,o.aij,fs 

l<a,/3<n l<j<n-l l<a,/S<n l<i,j<n-l l<a,l3<n 

+ [2An - 3(n - l)n-i] ^ 

l<a,l3<n 

+ [4/^2 + 14p' - 6(n - l)n-2] ^ 

l<a,/3<n 

+ [2p' - (n + l)n-2] ^ ^ F"^u„i^x^i - 6n-i ^ F^VaV^/j- 

l<a,/3<n l<i<n-l l<a,;S<n 
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Next, we will compute the term 

-3 ^ a" Yl F"^(-hu,af^)- 



l<i<n-l l<a,(3<n 



By differentiating (j2.3|) twice, we have 



and 



+ lUnpUiaUjii lUnn'^iliUia ^UnfjUna'^iii 

since at Xq, uu = —UnCLa, therefore 

l<i<n-l l<o,/9<ra 

= E E - 4^in' E E ^"^^naUii^ 

l<i<n~l l<o,/9<ra l<i<n-l l<a,/3<n 

(3.13) E E F'^^UiaUnip + '^Un^ E E 

l<i<n-l l<a,/3<n l<j<n-l l<a,/3<n 

+ 2(n-l)n-i E ^°^^a/3n+4n-3 E E ^"^^-^^Z? 

l<a,/3<n l<i<n-l l<a,;S<n 

-2u-'^Unn E E ^"^«i/3liia + 2(n - 1)m-2 ^ F°^li„^U„„. 

l<i<n-l l<a,/3<n l<a,/3<n 

By ([23]), (USD and ([Ml), we have 



on the other hand, by (|2.7p . 

therefore 
(3.14) 
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By ([33]) and ([3l^ . we have 
(3.15) 

l<i<n-l l<a,l3<n 
l<a,/3<n l<i<n-l 

= [-8p' + 4(n - IX^] ^ F"^u„„u„/3 - ^ a^^n^ ^ F^^UnaUip 

l<a,l3<n l<i<n-l l<a,P<n 

l<a,/3<n 

Noticing that {F'^^) is diagonal at the considered point Xq, in a similar way we can obtain 

l<i<n-l l<a,l3<n 

l<i<n-l l<l3<n l<i<n-l l</3<n 

(3.16) ~ _ 



l<i<n-l l<i<n-l l<a,/3<n 

l<«J<n-l 



Combining (fXT^ - ffST?] ) and (fXT^ - ffXTni) . we obtain 
(3.17) 

l<a,/3<n l<i<n-l l<a,/3<n l<j j <n-ll<a,/3<n 

+ 6n-2 ^ a^Xi X] + [2An - (n - l)n-i] ^ 

l<j<n-l l<a,/3<?i ^<a,/3<n 

l<i<n~l l<«,i<n-l 

- 4m-^ X a**U„i Y F°'^UnaUil3 - 2UnnU~^ Y E F""!^ UipUia 

l<i<n-l l<a,^<n l<j<n-l l<a,/3<n 

+ [2p' - (n + l)n-2] ^ ^ F''^Uc.iUpi + [Ap"ul + Qp'] Y F'^^UnaUnp 

l<«,/3<n l<i<n-l l<«,^<»^ 

l<a,^<n 
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Noticed that F'^^Unn = X] F'^^Uap — X] ^^''^jj^ the terms in the fourth Une 

l<a,/3<n l<i<n-l 

of the formula p.l7p can be computed as 
(3.18) 

l<i<n-l l<a,l3<n l<i<n-l l<a,l3<n 

= -6u-'F''''Unn Yl «''^ni + 4«n' Yl F"n%+'^K^Unn Y ^" 
l<i<n-l l<j<n-l l<j<n-l 



^ l<a,B<n l<i<n-l ^ l<i<n-l 



'Ui 



■33 



By inserting (j3.18p into (|3.17p . we can deduce the following formula 
(3.19) Y F''^^af3 = Li + L2 + L3 + L4, 

l<a,l3<n 

where 

l<i<n-l l<a,l3<n l<i<n-l i<a,l3<n 
l<a,/3<n l<i<n.-l l<o,/3<n 



l<i,j,k<n—l l<i<n— 1 

^ ^ oi UfiiF'^'^Ujji, 
l<j j'<n— 1 

L3 = [4/u2 + 6p']F""uL + [4/n2 + Qp' + 4^-^] ^ F'^l, 

l<i<n-l 

+ ^ F^'^uj-j- Y a''uli + 2u-^unn Y ^"""JO 

+ [2p'-(n + l)u-2]F"" + [2p' - (n + l)n-2] ^ F^'^^; 

l<i<n-l l<i<n-l 

L4 = -2u;l Y F^^Una^p. 

l<a,(3<n 

Let us state the following lemma. 
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Lemma 3.1. Let A, B, C, D be four constants and ^ > 0, C > 0. Denote 
Mi = -A a''a"a'^ji, + 4:B ^ a"unjaiij, 

l<i,j,k<n—l l<i,i<n—l 

(3.20) " 

M2 = -C Yl a"«''4,n + 4Z? Yl 

l<ij<n— 1 l<i<ra— 1 



Then at Xo, by (|3.3p . we have 

Ml + Ma = Ni+N2 + Ns + N^ + N5, 

where 

■ n—l \ 2 n—l n—l 



( n — ± \ Z It' — J- fi — i 

Y ) - <^ ^(a"«n,n)' + 4 ^ [D{an - an) - Cp'unt 

1=2 ^ i=2 i=2 

N2 = -A Y i'i- + ^aiia^^)-{a''aii,i f -a( Y 

2<i<n-l ^2<j<n-l ^ 

+ 4uni Y [Biaua^^ - 1) - Ap'un ■ {a^'au^i), 

2<i<n~l 

N3= Y l-M^ + '^ana")- ( Y E '^aua" ■ {a''au,jf 

2<i<n-l ^ ^2<j<n-l ^ 2<i<n-l 

+ 4u„j Y^ \Baiia^^ - Ap'un - {B + 2Ap'un)aiia" ■ {a^^anj) 

2<i<n-l 

-A Y 

and 

N4 = 2Aipi Y "■''cLiiA + 4:Ap'unUni(pi + 2A Y (1 + '^aua")a''aiiJ^pj 

2<i<n-l 2<i,j<n-l 

+ AAp'un Y^ {I + 2aua^^)unjipj + 4:Baii ^ a"unj^j - Atpl - Cip^ 

2<j<n-l 2<j<n-l 

^ '^''"■ii,n + 2p'UnUnn) + 2-Daiij - A ^ (1 + 2aiia")ip], 



+ 2 



2<j<n-l 2<j<n-l 

- J] -ul Y «"«''«u-,n - (4^/°"^' + ^Bp'ur) u. 

l<i,j,k<n—l ^<ij<n—l 

Y {^^P'^ul + 8Ap''^ulaiia" + SBpUnaua^^^ulj - 4Cp'^M^u^, 

2<j<n-l 
SDp'UnaiiUnn- 



2 

nl 
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Proof. For the term Mi, we have 



(3.21) 
where 



Ml = Mil + Mi2 + Mi3 + Mi4, 



Mil = -A J2 o^'a^^afj^k, 



Mi2 = -A (' 



l<i,j,fc<n— 1 



l<i<n-l 



M 
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2A Yl a''a"alj-A ^ {a^'aajf 



l<i j'<n— 1 



l<ij<n— 1 



Mi4 = AB Y 



l<i j<n— 1 



By (1231), 
(3.22) 

hence 



(3.23) 



11 a o / 

a au,a = ^a- 2^ a au^a - 2p u„u„ 



2<i<n-l 



Mi2 = - A(aiiaii,i)2 - A (a^Vi)' 

2<j<n-l 

= -A{ Yj «"Om,1 ) -4^/0''UnMnl 



•4 E 

2<i<n-l 



2<j<n-l 

+ 2Aipi Y, a**an,l + '^Ap'unUnWl - Aipj, 
2<i<n-l 



and 
(3.24) 

Mi3 = -A Y {l + ^aiia")-ia^^aiijf -A ^ {1 + 2aiia") ■ {a 

2<j<n-l 2<i<n-l 

l<j<n-l 

2 



iifj.. .^2 



Y a'a^ij) -W^i' (1 + 2aiiaJ'^) 



A ^ (1 + 2aiia-''^) 

2<j<n-l 

A ^ (l + 2aiia^i)-(a^^aii,i)2-A ^ {1 + 2aua^^) ■ (a'^au/, 



"nj 



2<i<n-l 



2<i,j<n-l 



) Hiy-> rj Qi Qlj' 



- 4Ap'un Yj + 2«ii«^'-'') 

2<«,i<n-l 



nju, UUJ + 2A Y^ {'^ + 2aiia^^)d^aiijtpj 

2<jj<n-l 



2<i<n-l 



2<i<n-l 



16 PEI-HE WANG AND WEI ZHANG 

Making use of (|3.22p again, we can obtain 
(3.25) 

Mi4 = AB a''unian,i + 45 ^ a'^Uniajj^i 

l<j<n-l l<i<n-l 

2<j<ri-l 

= ABuni ^ {a^^ - a'')aii,i - 4B ^ aua^'a^Uniajj^i 

2<i<n-l 2<«j<n-l 

a Uni(pi. 

2<i,J<n-l l<j<n-l l<i<n-l 

By (1321]), (I323])-(I325]), 
(3.26) 

2 



Ml = - ^ (1 + 2aiia") • {a''aii,i)^ - a( ^ a^^a^i,!") 

2<i<n-l ^2<i<n-l ^ 

+ 4u„i Y [siaua^^ - 1) - ^p'^^n • (a** 0^,1) 

2<j<n-l 

+ 5^ I - ^(1 + 2ana^') ■ ( Y '^""-j) " ^ 2Z • (a^Onj)' 

2<i<n-l ^ ^2<j<n-l ^ 2<j<n-l 

-A Y W'(^iijf + 4wni X] - -{B + 2Ap'un)aiia"] ■ {a^'anj) I 

2<j<n-l 2<j<n-l ^ 

— ^ X^ a^^a-'-' afjj. — Y2 (^4:Ap'^u'^ + SAp'^UnCiua-'-' + SBpUnaua^-^^Unj 

l<i,j,k<n-l 2<j<n-l 

- (4Ap'\l + 8Bp'u„)u2i + Mi{V^), 

where 

Mi(V99) = 2^(/9i ^ a''''aii^i + 4Ap'unUniipi + 2A Y {I + 2ana")a^'aiijipj 

2<i<n~l 2<i,j<n-l 

+ AAp'un Y^ (1 + 2ana")unj'fj + 4i3aii ^ a^^Unj(pj - Atpl 

2<j<n-l l<i<n-l 
2<i<n-l 

For the term M2, we write it as 
(3.27) M2 = M2i+M22, 
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where 

M21 = -C a^'a^^afj^^, M22 = 4Z) ^ au^n- 

l<i,i<"-l l<i<n-l 

Analogy, by p.22p we have 
(3.28) 

l<ij<n-l 2<j<n-l 



also 



-C Y a''a"a^j^^-ACp'unUnn Y a"oii,n - C ^ {a^'au^nf 

i<i,j<n-l 2<i<n-l 2<i<n-l 

-4Cp''^ulul^-c( Yj +2C( Y a''aii,n + 2p'unUnn)vn-Cipl, 

^2<j<n-l ^ 2<i<n-l 

M22 = 4Z)aii,„ + 4Z) ^ 



2<i<n-l 



(3.29) 

= - 41) ^ aua^'au^ri - SDp'unauUnn + 4D ^ au^n + 4£)aii((i?„. 

2<i<n-l 2<i<n-l 

Combining (15:271) - ([3:29]) . we obtain 

M2=-C >' a**aJ^a?,„ -C( >' a**o,;,,„ 1 -C V (a''au„'^ 



C Y a''a"al^^-c( Y " ^ J] 

l<^,i<^^-l ^2<i<n-l ^ 2<i<n-l 

4(Cp'-u„ii„„ + Dan) Y + ~ 4C/)'^n^u^„ 

2<i<n-l 2<i<n-l 

8Dp'unanUnn-Cipl + 2(C Y a'-'-aii^ri + '2Cp'unUnn + '2.Daii\ipn. 



2<i<n-l 

After the computation above, we denote by A'^i the terms involving aa^ni'^ ^ i ^ n — 1); 
N2 the terms involving ajj.i(2 < i < n — 1); N3 the terms involving aiij{2 < i, j < n — 1); 
N4 the terms involving V(/3 and the other terms. Then we complete the proof. □ 

Now we state the following elementary calculus lemma, which had appeared in |18j . 

Lemma 3.2. Let X > 0, p €z M, bi > and q S M for 2 < i < n — 1. Define the quadratic 
polynomial 

Q{X2,--- ,Xn-l) = - Y J2 ^0 '^^^ ^ 

2<i<n-l ^2<i<n-l ^ 2<i<n-l 
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Then we have 
where 



2<i<n-l * ^ 2<i<n-l ^2<i<ri-l *^ 



4. Proof of Theorem II. 1[ 
In this section, we shall study the following equation 

(4.1) div(^=Z^=) =0 in C M", 



u 



and prove the Theorem ll.il 
Denote 

(4.2) F'^f^ = (1 + \Vu\^)5^p - uaup, 
then equation (|4.1|) is reduced to 

(4.3) F'^^u^p = 0. 
As we have mentioned in the last section, set 

V9 = p{\Vu\'^) + \ogK{x). 
For suitable choice of p, we will derive the following elliptic differential inequality 

^ F'^^LPap < mod Vp in 0, 

l<o,/3<n 

where we modify the terms of V99 with locally bounded coefficients. We shall complete 
the calculation at the fixed point Xq. As in the last section we may assume that Ui{xo) = 
0(1 < i < n — 1) and Un{xo) = |Vn| > 0. And we can further assume that the matrix 
{uij{xo)){l < J < n — 1) is diagonal and Uii{xo) < 0. 

In this section, all the calculation will be worked at Xq- 

By (fO]l . we have 



(4.4) F'' = l + ul{l<i<n-l), F"" = 1, F"'^ = for a ^ /3, 
and 

= 2 ^ ul^i5al3 + 2UnUiin8al3-UaiiUp-UaUpii-2UaiUi3i. 
l<7<n 
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It is also easy to check 
(4.6) Unn = Un{l + ul)ai, Au = u^ai, where ai = ^ ai, 



l<i<n-l 



RecaUing the following formula we obtained in (j3.19|) . 
(4.7) Yl F''''^a^ = Li + L2 + Ls + Li, 



l<a,/3<n 



we will treat the terms Li, L2, Ls and L4 above respectively. 

Let us deal with the term Li in (14. 7p at first. By the equation (14. 3p . we have 



where 



l<i<n-l l<«,/3<ri 

■a/3. 



L12 = [2p'un - (n - l)n-i] Y 

l<a,l3<n 
l<i<n~l l<Q,/3<n 



Then by (|4.5p . we have 



l<i<n-l 



l<a,l3<n 



(4.8) 



l<i<n-l 



2UnUni{Un(Tl + Uu) 

-12 E 



l<i<n-l 



l<i<ri-l 



and 



(4.9) 



L12 = - [2p'un -in- 1)U-^] Y ^n^«"/3 

l<a,/3<n 

= [2p''u„ - (n - l)n;^^] ( 2u\aiUnn + ^ u^j j 



Now we shall calculate the term L13. By differentiating (j4.3p twice with respect to 
we have 

Y 



l<Q,/3<n 



l<a,p<n 



2 E 



l<a,^<n 
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By mi, 

l<a, I3<n l<a,/3<n l<a,/3<n 



= 2n„^A'u ^ uf^ + 2AuUnii - 2 ^ 

l<a<?i 1<Q:<?1 

l<a<7i l<a<7i 
-Ll3a + ^136 + LiSc, 



where 



-f^lSa =2'U„^Alt ^ Uj^„-2'U,„^ ^ UaiUi3iUal3, Li3b = 2AuUnii - 2 ^ UaiiUna, 
l<a<n l<a 

Ll3c =4-U„i(Au)i - 4 ^ UaiUnia- 



l<a<n l<a<n l<a<n 



l<o<n 



Hence, for the minimal surface equation, we have 
(4.10) 



^ a^^Lisa = -2ai ^ a"n^j + 2ti„Ancri +4 ^ u^^ + 2ul ^ 

l<i<n-l l<i<n-l l<i<n-l l<i<n-l 



2 



Thanks to (fHT^ and (I222D, we have 

l<i<n-l l<i<n-l l<i<n-l l<«,i<n-l 

= - 2-U„Cri ^ a''\-Unaii^n + '2u~^uli + U~^UnnUii) 
l<i<n-l 

(^4. —2 ^ ^ UnjCL {—UnCLiij -\- 2u^ UniUij -\- U^^ UnjUa) 

l<i j<7i— 1 

.2 



[2(n - 1) - 4p'ul]unUnn(Ti + [2{n + 1) - 4p'u2] 

l<i<n-l 

l<i<n-l l<i<n-l 
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and 

^ a"Li3c = 4 ^ a^'Uni ^ Ujji + 4u„ ^ Uun 
l<i<n-l l<i<n-l l<j<n-l l<i<n-l 

= 4 ^ a**Um ^ {-Unajj^i + 2u~^UnjUji + U'^UniUjj) 
l<i<n-l l<j<n-l 



(4.12) 

l<j<n-l 



l<j<n-l 

- 4c7i ^ a^^U^j - Aul ^ aii,„ - AUnUnnCri 
l<i<n-l l<i<n-l 

Qj Uni^jj,i- 

l<2,j<n— 1 



By (ITOD - dTO] ). it yields 



l<j<n-l l<a,;8<n 

4u^ E ~ E a^'uniajj^i + 2m^ ^ 



, . l<i<n— 1 l<i,i<n— 1 l<i<n— 1 

(4.13) - - - 

+ (2n — 6 — 'ip'u^)unUnnO'i + 2n„,AncJi + (2n + 6 — 4p'u^) 



m 

l<i<n-l 



l<i<n-l l<i<n-l 



Combining (148]) . (f49]) and (l4T3l) . we obtain 



= - 4n^ E ~ E a^'Uniajj^i - AUnUnnf^l 

l<i<n-l l<«J<n-l 

(4.14) + 2unAwi + 2ai ^ "**^ni + ^ '^^^ 

l<i<n-l l<j<n-l 



l<i<n~l l<j<n-l 
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For the term L2 in ()4.7p . applying ()3.14p and ()4.4p . we have 



(4.15) 



E 

l<i J<n— 1 
'2n 



L2 = -(l + ^.2) ^ 

l<i,j,fc<n— 1 

-4u-i(l+n2) 

4(1 + 7.-2) ^ a UniU 

l<j<n.— 1 1 

= -(1 + ^2) ^ a-a^^2.,- aV^2. 

l<ij,fc<n— 1 1<*J<"— 1 

+ 4(l + n2) 



l<i<n-l 

+ ^u-\l + ul) 

l<j j'<n— 1 



j,i + 4(1 + u-^)ai Y 



l<i<n-l 



For the term L3 and L4, in a similar way, we can obtain 

L3 = [2p'ul - (n + 1)] (1 + ul) Y 4 + [4/^" + 6p'n2 ] (1 + )a2 

- 6<2(1 + n2)cri Y """"ni - 2^-^! + uDunnCri 



(4.16) 



+ 



l<i<n-l 

(6p'u^ + 4p"uf, + 4) + (8/9'u^ + 4/m^ - n + 3)u; 



l<j<n-l 



L4 = - 2n„^u„„99„ - 2n„-^(l + n^) ^ Unjc/Ji 

l<j<n-l 



With ()4.6p in hand, combining (j4.14p — (j4.16p . we finally get 



(4.17) 

l<a,/3<?i 



+ a-a-'^a-ji. 



^ a"aJ'%2.„ + 4 Y ("ii^n 

l<i,j,fc<n— 1 l<i<n— 1 



l<i j<n— 1 



[ll/ui - n - 1) + (2/< - n + 1)< 



E 

l<i<n- 



+ 



(Gpufi^ + 4:p"un) + {Sp'un + 'ip'uti — n + 3)n, 



'.2 I ,!//„. 4 



E ^ 

l<j<n-l 



+ 4/<(l + <)2 + 6A„(l + <)' + 2 

l<j<n-l 



l<i<n-l 
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Now, we shall try a test function to estimate the Gaussian curvature of the level sets of 
the minimal graph. By setting p{t) = 9\logt — log(l + 1)] in (j4.17p . we obtain 



(4.18) 



l<a,P<n 



l<i,j,fc<n— 1 



l<i j<n— 1 



l<«<n-l 



l<i,jr<n— 1 



+ 



+ 



(26* - n - 1) - (n - l)n2 
26(1 - ul){l + n2)-2 + (40(1 + - n + 3) n'^ 



l<j<n-l 

E ^ 

l<j<n-l 



2(9(1 -<) + 2 



2 —2 ^ 



a 2 



l<i<ri~l 



-2n„^ E WniV'i - 2o-i(/7„. 

l<i<n-l 

Let us solve the 2-dimensional case at first. Now the formula ()4.18p reduces to 

E F'^^V^p = - (1 + ul){a^^aii^if - {a^^aii^2? + 4aii,2 + 4n^^n2ia^iaii,i 

l<a,;S<2 



(4.19) 



20(1 - u^)(l + n^)-2 + ( 40(1 + u'^Y'^ -^]u2 



.2\-2 1 \„,-2 



^21 



40 - 1 - (20 + l)ul 



2 — 1 

aj^i — 2^2 n2i9Ji — 2criV32- 



By p.3p . we have 



= V'a ~ 20U2 ^(1 + ^2) ^M2ai for a = 1, 2. 



For = — i, it reads 



(4.20) 



l<a,/3<2 



which shows the validity of the Theorem 1 1.1 1 in 2-dimensional case via the strong minimum 
(maximum) principle. 

In the following, we come to deal with the case n > 3. Let 

l<a,l3<n 
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where 



l<j,j,fc<n— 1 
l<i j<n— 1 



l<i j<n— 1 



and 



(261 - n - 1) - (n - l)n^ 



l<j<n-l 



E «?^ + 



2e{l-ul) + 2 



+ 



l<i<n-l 

2\n , „.2\-2 , ( AQt^ , „.2n-2 „ , o\„-2 



20(1 - <)(1 + M^)-^ + ( 40(1 + ui)-' - n + 3 )n, 
2«-Vi 



E ^ 

l<j<n-l 



o u: 



l<i<ri-l 

-Ps = - 2n^^ ^ ^^^(^j - 2o-i99n- 
i<i<"-i 

To deal with the term Pi, we can set A = 1 + u^, B = n~^, C = D = 1 in Lemma |3.1[ 
Let us denote by {Qi) the terms involving au^ni^ < i < n — 1); {Q2) the terms involving 
0^,1(2 < i < n — \); (Qa) the terms involving ajjj(2 < i,j < n — 1); {Q4) the terms 
involving V93 and (Q5) all of the rest terms. More precisely, we have 



(4.21) 
where 

Qi 
Q2 



F^^fap =Ql+Q2 + Q3 + Q4 + Q5 

l<a,l3<n 



E 



a'"'aii,n j - E (""'^ii.") +4 E ('^«« ~ «ii ~ ^^i)^"^","' 

2<j<n-l ^ 2<j<n-l 2<j<n-l 

2 



2<j<n-l 



-il + ul) il + 2aua'')-ia''au,i)'-il + ul)( ^ 

2<i<n-l 

+ 4u-^'u„i ^ [(aiio" - 1) - 6* • (a"aii,i), 

2<i<n-l 



E 



a Of 



: _(i + n2)(l + 2ana^^)-, ^ 

2<i<n-l ^ ^2<i<n-l ^ 

+ 4u-^ti„j ^ l^aua" -e - {l + 2e)aua"y {a^'auj) 



2<i<n-l 
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2<i<n-l ^ 



2<j<n-l 



ua^^)a''aiijipj 



Q4 = 2(1 + n2)(^i a''aii,i + Aeu-\niVi + 2{l + ul) ^ (1 + 2a 

2<«<n-l 2<jj<n-l 

+ 46*1^^^ ^ (1 + 2aua")unjipj + 4n;;^aii ^ a^Unjifj - (1 + - 



2<i<n-l 



2<j<n-l 



+ 2 



a"an,n + 29(1+ li^) ^U^^Unn) + 2aiiJ 99n 
2<i<n-l 

(1 + ^.2) ^ (l + 2aiia^'^>2^P3, 

2<J<n-l 



and 



g5 = ^'2-(l + n2) 



E 



l<i,j,fc<n— 1 



l<i j<n— 1 



-2(l + n2)-i [^0^ + 8e^ana^^ + 89an 

2<i<n-l 

- (40^ + 89)u-^{l + - 4^2(7? - S^aiifJi. 

By Lemma [3. 2 1 we will maximize the terms Qi, Q2 and for appropriate parameters. 
At first, let us examine the term Qi. For 2 < i < n — 1, set Xi = a^^au^n, = 1; A* = 1) 
bi = 1 and Cj = an — an — 9ai. By Lemma 13.21 we have 

2-1 



Qi < 4 



(4.22) 



-■^"-1 ^2<i<n-l ^ 



2<i<n-l 



4 E 4 + 



2 , 4(n-2)^2 2 



(n-1) 



n — 1 



9al 



n — 1 



ai + S^aiifTi. 



For the term (1+u^) Q2) in Lemma [321 set = 0**0^^1, A = 1, ^ = n„iu„ (l+n„) , 
bi = 1 + 2aiia^^ and q = aua^^ — 1 — 9 for 2 < i < n — 1. Also by Lemma l3.2( we have 



Q2 



< 



4n 



nl 



(l + n2) - U2 (1+^2)2 



ri 



w2(l + n2)2 
Let us simplify Fi. By denoting 



E |-fi+ E rY'i E I 



2<i<n-l 



2<i<n-l 



2<i<n-l 
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we have 



ana 



11 



1 1 

2ft ~ 2' 



Ci 



Hence, 



2<i<n-l 



2ft 



2<i<n-l 



2<j<n-l 



2ft 2 



I E i-fi+ E A 



2<i<n- 



2<i<n-l 



-1 



Since 



1 < 1 + ^ ft; < n - 1, 



it follows that 



2<i<n-l 



2<i<n-l ^* 



^(l + ^)^ + i(2a,a"-2). 



Then we have 
(4.23) 



Q2 < u„^(l + < 



2\"1 



4(n-2) 
n — 1 



(1 + 6*)^ + 2(Tio^^ - 2 



^nl- 



Let us estimate the term (l + n^)~^(53. We will apply Lemma [3.21 for every j fixed. For 
2 < i < n — 1, set = a^^auj, A = l+2aua^^ , jjL = UnjU~^{l+u^)~^ , hi = l + lana^^ {i 7^ 
j), 6j = 1 and q = ana^^ — 9 — {1 + 29)aiia^K 

By Lemma |3.2[ we have 

{l + ul)-^Q:,<Au-\l + ul)-^ ^ rX,, 

2<j<r).-l 

where 



+ E 

2<«<n-l 



1 
6. 



+ 1+ E r) U+ E 



2<i<n-l 



2<j<n-l 



Also denoting 



we have 



3J 



ana 



Noticed that 



1 1 

2ft ~ 2^ 



ft = r(^/^-), 



Ci = - (5, where 5 = ]- + e + {l + 29)aua^K 



Ci = S, 

^ 2 



6 1 
A = 2+' 
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we obtain 



4 E + S *j <2 + a' +4+A 

2<i<n-l ^ ^ 2<i<n-l ^ 

4 



2<i<ri-l ^ 2<i<n-l ^ 



Obviously, 

l<i + l+ ^ /3i<n-l, 

2<i<n-l 

hence 

2<i<n-l 

= !l:il02 '^_Q ^ + i^^aii + 2e2^iia^-'' + 20aiia^'^'. 

n — 1 n — 1 2(n — 1) 2 

Therefore, we have 

(4.24) 



n\ n) 2<j<n-l 



n — 1 n — 1 n — 1 



If we let 

= 20 - n + 3 + (-n + l)^^ , 

<Z2(^) = - + (2 - + 2 - ^ - 2Qul, 

n — 1 n — 1 n — 1 



—02 ^ (4 ^ \Q + 5 - n + (-20 - n + 3 - 2cTia^-''^ 



n — 1 n — I n — 1 



then collecting (I4.2ip -- (l4.24p . we finally obtain 

(4.25) E ^"''</'a/3< qiiO) 4 + 92(^)^^?+ E '^SjW^- modV99, 

l<a,/3<n l<i<n-l l<j<n-l 

where we modify the terms of with locally bounded coefficients. By a simple observa- 
tion, one can see that a sufficient condition to validate 

F°'^iPap < mod Vif, 

l<a,/3<n 
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IS 

' qiiO) + q2i0)<O, 
(4.26) I qi{0) + in-l)q2i9)<0, 

. q3A^) < 0- 
Solving qi{9) + q2{0) < 0, we have 



And qi{e) + (n - 1)^2(6') < implies 

e = - 

also from q3j{0) < 0, we get 



1 „ n 

- or 9> — 
2 



1 — n 
> . 



I n — 3 

Therefore by solving the inequalities in ()4.26p . we finally obtain 9 = —— or > — - — . So 
we complete our proof of Theorem 11.11 □ 
In the 2-dimensional case, from the above proof we have the following observation. 

Corollary 4.1. Let U cM? be a smooth bounded domain and u G C^(i7) Pi C^(i7) satisfies 



f Vn 



div — = =0 in 0. 

Vvi + |vn|2y 

Assume |Vn| ^ in fi. Let k be the curvature of the level curve, then the function 
k is a harmonic function with respect to the Laplace- Beltrami operator on 



1 + |Vn|2 
the graph of u. 

( iVuP 

Proof. Let ^p = ( ^ J k. Similar as the calculation leading to (j4.20p . we have 

^ F"^V'a/3=0 in a 

l<a,/3<2 

In other words, the function tp is a harmonic function with respect to the Laplace-Beltrami 
operator on the graph of M(see pTj). □ 

Remark 4.2. Let u be a 2-dimensional harmonic function with no critical points in do- 
main and k be the curvature of the level curve of u. In [21], Talenti proved \\7u\^^k is a 
harmonic function. Our Corollary \4.1\ is a minimal graph version of Talenti's result. So 
from Corollary \4.1\ above we can also get the upper bound estimates on the curvature of 
the convex level curve of 2-dimensional minimal graph with boundary data. 
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5. Proof of theorem 11.31 

In this section we will examine the Poisson equation in detail by setting F"^ = dap 
and p{t) = Ologt. Obviously, we have p'u'^ = 6, p"u^ = —9. Recalling the relation 

Uii = —Undii-, we have 



/ + UnCTi 1 where ai = 



l<i<n-l 

Similar to the last section, set 

= 6'log(|Vn|^) + \ogK{x). 

For suitable choice of 6 we will derive the following differential inequality 

Ay? < mod in il, 

where we modify the terms involving with locally bounded coefficients. We shall 
complete our calculation under the normal coordinates at the fixed point Xq. 
Recalling the following formula we have obtained in ()3.19p 

(5.1) Aip = L1+L2 + Ls + Li, 

we will treat the four terms on the right-hand side of (IS.ip respectively. 
For the term Li, we immediately have 

Li=-6u~^f Yl a'%li + 6u-^ Yl a^'uniVif + {2e-n + l)u~^Vnf 

l<i<n-l l<i<n-l 

(5.2) 

l<j<n-l 

For the term L2, by (13.14P we have 
(5.3) 

L2 = - Yi ~ X] <^''''<^"'4j,n - ^ a^'-UniUjji 



l<j<n-l 



l<i,j,k<n—l 

l<ij<n— 1 l<i<n— 1 



l<i<n-l l<i<n-l 
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Similarly, we can obtain 



L3 = ujl 2eul^ + (4 + 20) ^ uli- 6(71 a^'uli - 2u„u„„f7i 

l<j<n-l l<j<n-l 

(5.4) +[2e-{n + l)] ul, + [29-{n + l)]ul ^ «?^|' 

l<i<n-l l<i<n-l ^ 

l<i<n-l 

Combining (j5.2p - ()5.4p . we have 
where 

Po = -6n-V «"^ni + 6 Y a'^mVJ + (20 - n + l)u„V„/ - u„ Y 



l<i<n-l l<i<n-l l<j<n-l 

a,;, 



Pi = - ti^ Y a"-a"a^j f, + 4n„ ^ a^'uniajj^i - u\ Y, a"a-''-'ai_,- „ + 4ti^ ^ 

l<i,j,A;<n— 1 l<*,i<i— 1 l<*,i<i— 1 l<i<n— 1 

P^ = (2e-n-l)ul Y E a"^L + (2^ + 2)u2a2+[40-(n-3)] J] u^. 

l<i<n-l l<i<n-l l<j<n-l 

+ 20/2 + (40 + 2)n„M, 
P3 = - 2n„ ^ Unj^j - 2(u„/ + ■u^o-i)(^„. 

To deal with the term Pi, we may set ^4 = C = D = n^, P = m„ in Lemma I^TTl Let us 
denote by {Qq) the terms in Pq; (Qi) the terms involving aii^n{2 ^ i < n — 1); {Q2) the 
terms involving ajj^i(2 < i < n — 1); {Q^) the terms involving aiij{2 < i, j < n — 1); {Q4) 
the terms involving V(/9 and (Qs) ah of the rest terms. More precisely, we have 



(5.5) uiAip = Qo + Qi + Q2 + Q3 + Q4 + Q5, 

where 

Qo = -6n;:V Y + 6 E «"^*mV,/ + (20 - n + l)n„V„/ - n„, ^ a^'Vaf, 

l<i<n,-l l<i<n-l l<i<n-l 

Qi = - ( > ^ Una^'aa^n ) + 4'u„ > ^ (oji - an - 0ai - 0n;^V) • (?i„a"aM,„j 



-Unfl^^aii,™ j + 4'u„ ^ (oii - an - 0ai - 0n„ V) • {unC 

_i<n~l ^ 2<i<n-\ 



2<i<n-l 
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Q2=- \ 2^ u„a"aii,i ) + 4uni } ^ {ana - 1 - 9) ■ (u„a" 0,^,1) 

■2<t<n-l 



_t<n-l ^ 2<i<n-l 

- X] + 2ana") • {una^'au^if, 

2<i<n-l 

Qz= { - {l + 2aiia") ■ ( ^ Una'^au^^ - ^ 2aiia" ■ {una^'au^f 

(Mna^^aiij)^ + 4'u„j ^ [ana" - 6 - {I + 2B)aiia"]- {una^''aii^j)\, 

2<i<n-l 2<i<n-l 



and 



Q4 = 2n^(^i ^ a**an,i + AOunUnUfi + 2m^ ^ (1 + 2ana")a'''aiijipj 

2<i<n-l 2<jj<n-l 

+ AOun ^ (1 + 2aiia")unj^Pj + 4u„aii ^ a^^Unjfj - ulipl - u\if\ 



2<j<n-"l 2<j<n.-l 
2<i<n~l 2<j<n-l 



a"aii,„ + 26'n„ ^u„„) + 2u^aii j - ^ (1 + 2aiia")ip^j + P3, 



l<i,j,fc<n— 1 1 l<i<»^— 1 

+ E (-40^ + 4e-ra + 3-802aiia^'^-8^aiia^'^-2cJia^-')n2^-8^M^aiicJi 

2<i<n-l 

+ (-4^2 _ 4^ _ ^ ^ 3 _ 2aiai^) u^i + ( - 40^ + 29 + 2)u\a\ + ( - 4^^ ^ 29) f 
+ ( - 8^2 ^ 4^ + 2)urJ(Jx - Sdunanf- 

In the following, we shall maximize the terms Qi, Q2 and via Lemma [3. 2 1 for different 
choice of parameters. 

At first let us examine the term Qi- For 2 < i < n — 1, set Xi = Una^^an^n, A = 1, 
fi = Un, bi = 1 and Cj = an — an — Oai — Ou^^^f. By Lemma [321 we have 



Qi < ^^"^ ^^ 0\lal - -^Oulal + ^Oulauai - -^u^aj + Au^ E 4 
n — 1 n — 1 n — 1 ^-^ 

(5.6) i<i<n-i 

^ 4(n-2) ^2^2 + 8n-16^2^^^^^ _ ^Qu^^a^f + 8^n„an/. 
n — 1 n — 1 n — 1 

For the term (^2, set Xi = u„a"ajj^i, A = 1, = n„i, 6j = 1 + 2aiia^^ and Cj = 
ajjO^^ — 1 — where 2 < i < n — 1. Also by Lemma 13.21 and the same discussion as before, 
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we can get 
(5.7) 



Q2 < 



4(n - 2) 
n — 1 



{I + ey + 2cJia^^ -2 



''nl- 



In a similar way, for the term Q^^, just copying the calculation as the minimal graph, 
we can derive that 
(5.8) 



Q3< E 



n — 1 n — 1 n — 1 



2<j<n-l 

Combining ()5.5p - ()5.8p . we finally obtain 
(5.9) 

ulAif < {29 - n + 3)ul ^ Ojj + 

l<J<n-l 

+ E 

i<i<"-i 
4 



n — 1 n — 1 
4 



6 + 26 



n — 1 



+ 2 



2 2 



n — 1 



n — 1 n — 1 
^ + 26) f + 



+ 46 



u: 



n 



- - n + 5) ^ 

+ 46 + 2] unfai 



n — 1 n — 1 
+ 6 Yl ^''^ni^if + {26-n + l)n„V„/ 

l<i<n-l l<i<n-l 

-Un E a'^Viif mod Vip, 

l<i<n-l 

where we have modified the terms involving V(/9 with locally bounded coefficients. 
To estimate the term Qq, we shall make the following choice. 
Case (i): 

For / = f{u), since at Xq, 



Vif = 0, Vnf = Unfu and Vuf = -Unfuau for 1 < i < n - 1, 



we have 
(5.10) 



l<i<n-l 

If fu > 0, then we choose 6 = -1. By ([5:9 |) - ([5l^ . we obtain 



w2 A(/p < - (n - 1) Yl 



i<i<»i-i 



n — 1 



+ 2 / 



- 2u„/(Ti - 2n^/„ - 6u„V X] 
<0 mod 



l<i<n-l 
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If < 0, we can set 9 = to derive 



- 2n„/cri + (n - l)ulfu / a^u^j 

l<i<n-l 

<0 mod V(/5 



Case (ii): 

For / = /(x), at the considered point Xq, we have 

Vi/ = fx,, ^nf = fx,, and Viif = f^.x, fori < i < n - 1, 

hence 

Qo = -6n-V 5^ «"«'i + 6 ^ a''unifx, + {2e-n + l)unfx^ 



l<i<n-l l<i<n-l 



-tn fxiXi- 



l<i<n-l 

By setting 6* = — - — and applying the condition that 

t^f{x) is convex with respect to(x,t) G 17 x (0,+oo), 
one can easily check 

6u~^fuli - GUnifx, + Unfx.x, > 

for each 1 < i < n — 1. 
Therefore, we have 

It follows that 

<0 mod V93. 

The proof of the Theorem 11.31 is now completed. □ 

6. Proof of the Corollary 

Let $7o and be bounded smooth convex domains in M",n > 2, o £ Qi C i^o- Let u 
satisfy 

Au = f{u) in Q. = ilo\^i) 
(6.1) { u = Q on aJlo, 

n = 1 on (9ili, 
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where / G C^([0, 1]) is a nonnegative and non-decreasing function with /(O) = 0. 

Prom [B] we know that |Vn| 7^ in if n is a solution of (|6.ip . In the following, we 
shall prove a lemma on the monotonicity of the norm of the gradient along the gradient 
direction, which also appeared in [T^. Using this observation, we prove the Corollary 11.41 

Lemma 6.1. Let u satisfy (16. ip . Then |Vn| strictly increases in the direction Vu. It 
follows that |Vn| attains its minimum on OQq, and attains its maximum on 90 1. 

Proof. By the Caffarelli-Spruck's [6], the level sets of u are strictly convex with respect to 
the normal direction Vu. At any fixed point Xq G ^, we may let Ui = 0(1 < i < n — 1) and 
Un = |Vn| > by rotation. Let H be the mean curvature of the level sets with respect to 
the normal direction Vu. Then (|6.ip implies 

Unn = - ^ U11 + f = UnH + /, 

l<i<n-l 

hence 

(|Vnp)„n„ = 2ulunn = 2tt^(n„F + /) > 0, 

l<a<n 

where the last inequality is due to the strict convexity of the level sets. □ 

Now we give the proof of Corollarv 11.41 

Proof. If u is the smooth solution of (j6.ip . then from the Caffarelli-Spruck's [6] we know 
the level sets of u are strictly convex with respect to normal direction Vu. From the 
Theorem 11.31 the function 

\Vu\-'^K 

attains it minimum on the boundary. Since |Vu| attains its minimum on BVLq, and attains 
its maximum on we have the following estimate 

. ( minaf^o \Vu\ V 
mm A > j mm A. 

VI \maxgQ^|Vu|/ dvi 

Then we complete the proof of the Corollary II. 4[ □ 
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